Introduction
Functional differential equations FDEs which include delay differential equations DDEs play a very important role in formulation and analysis in mechanical, electrical, control engineering and physical sciences, economic, and social sciences 1, 2 . Therefore, the theory of FDEs has been developed very quickly. The investigation for FDEs has attracted the considerable attention of researchers and many qualitative theories of FDEs have been obtained. A large number of stability criteria of FDEs have been reported.
In addition to the delay effect, as is well known, impulsive effect is likely to exist in a wide variety of evolutionary processes in which states are changed abruptly at certain moments of time in the fields such as medicine and biology, economics, electronics, and telecommunications 3 . So far, a lot of interesting results on stability have been reported that have focused on the impulsive effect of FDEs see, e.g., 4-16 and the references cited therein .
Abstract and Applied Analysis
In particular, several papers devoted to the study of exponential stability of impulsive functional differential equations IFDEs have appeared during the past years. In 14, 15 , the authors have investigated exponential stability of IFDEs by using the method of Lyapunov functions and Razumikhin techniques. In 16 , the authors have also studied exponential stability by using the method of Lyapunov functional. However, some results in 15, 16 imposed a restrictive condition on time delays which were less than the length of all the impulsive intervals see, e.g., 15, Theorems 3.1-3.2 and 16, Theorem 3.1 . The aim of this paper is to establish global exponential stability criteria for IFDEs by employing the Razumikhin technique which illustrate that impulses do contribute to the stability of some IFDEs and the restrictive condition that the time delays are less than the length of all the impulsive intervals can be removed in this paper.
Preliminaries
Throughout this paper, unless otherwise specified, we use the following notations. Let R −∞, ∞ , R 0, ∞ , N {1, 2, . . .}, I be the identity matrix, λ max · and λ min · be the maximal eigenvalue and the minimal eigenvalue of a matrix, respectively. If A is a vector or matrix, its transpose is denoted by A T . For x ∈ R n and A ∈ R n×n , let |x| √ x T x be Euclidean vector norm, and denote the induced matrix norm by
Let τ > 0 and C C −τ, 0 ; R n denote the family of all bounded continuous R nvalued functions φ defined on −τ, 0 . PC I; R n {ψ : I → R n | ψ s is continuous for all but at most countable points s ∈ I and at these points s ∈ I, ψ s and ψ s − exist and ψ s ψ s }, where I ⊂ R is an interval, ψ s and ψ s − denote the right-hand and lefthand limits of the function ψ s at time s, respectively. Especially, let PC PC −τ, 0 ; R n with norm ψ sup −τ s 0 |ψ s |. In this paper, we consider the following IFDEs:
where
The initial function φ ∈ PC. The impulsive function I k ∈ C R n ; R n k ∈ N , and the impulsive moments t k k 1, 2, . . . satisfy 0 t 0 < t 1 < t 2 < · · · , and lim k → ∞ t k ∞.
In this paper, we assume that functions f and I k , k ∈ N, satisfy all necessary conditions for the global existence and uniqueness of solutions for all t t 0 . Denote by x t x t, t 0 , φ the solution of 2.2 such that x t 0 φ. For the purpose of stability in this paper, we also assume that f t, 0 0 and I k 0 0, k ∈ N. So system 2.2 admits a zero solution or trivial solution x t, t 0 , 0 0. We further assume that all the solutions x t of 2.2 are continuous except at t k , k ∈ N, at which x t is right continuous, that is, x t k x t k , k ∈ N. 
Definition 2.4. Given a function V : −τ, ∞ × R n → R , the upper right-hand derivative of V with respect to system 2.2 is defined by
for t, ϕ ∈ R × PC.
Razumikhin-Type Theorems
In this section, we will present some Razumikhin-type theorems on global exponential stability for system 2.2 based on the Lyapunov-Razumikhin method. 
Then the trivial solution of system 2.2 is globally exponentially stable.
Proof. For any φ ∈ PC, we denote the solution x t, t 0 , φ of 2.2 by x t . Without loss of generality, we assume that φ / 0. Since q > 1/γ and c < − ln γ/ρ , there exist positive numbers μ and h such that Let M > c 2 /c 1 γ be a fixed number. In the following, we will prove that
We first prove that
It is noted that 
Proof. Since q > γ and c > ln γ/ , there exist positive numbers μ and h such that
Set q γ h and γ 2 ln γ 2h / , then 1 γ < q < e γ 2 . Set W t e μt V t, x t , where x t is defined as in the proof of Theorem 3.1. Now, let M > qc 2 /c 1 , we will prove that 3.3 holds. We first prove that 3.4 holds. In fact, it is noticed that 
3.17
such that the system can be impulsively stabilized to its trivial solution. In Theorem 3.1, the constant c may be chosen as a positive number. In the stability theory of FDEs, the condition D V t, ϕ 0 cV t, ϕ 0 allows the derivative of the Lyapunov function to be positive which may not even guarantee the stability of functional differential system see, e.g., 4, 15 . However, as we can see from Theorem 3.1, impulses play an important role in making a functional differential system globally exponentially stable even if it may be unstable itself.
Remark 3.4.
It is important to emphasize that, in contrast with some existing exponential stability results for IFDEs in the literature 15, 16 , Theorems 3.1 and 3.2 are also valid for any finite delay. Therefore, our new results are more practically applicable than those in the literature, since the restrictive condition that the supper bound of time delay is less than the length of all the impulsive intervals is actually removed here.
Applications and Examples
Now, we will apply the general Razumikhin-type theorems established in Section 3 to deal with the global exponential stability of impulsive delay differential equations IDDEs . Consider a delay system of the form
where φ ∈ PC, δ i : R → 0, τ , 1 i m, are all continuous, and
is continuous. We also assume that 4.1 has a global solution which is again denoted by x t x t, t 0 , φ , F t, 0, . . . , 0 0 and ii 
Then system 4.1 becomes system 2.2 , and D V t, φ 0 becomes Proof. Let V t, x x T x |x| 2 , then we can easily see that condition i of Theorem 4.1 holds. For x ∈ R n and y y 1 , . . . , y m ∈ R n×m , from 4.8 and 4.9 , we can calculate that 
Conclusion
In this paper, some new Razumikhin-type theorems on global exponential stability for IFDEs are obtained by employing Lyapunov-Razumikhin technique. Some applications to IDDEs are also given. It should be mentioned that our results may allow us to develop an effective impulsive control strategy to stabilize an underlying delay dynamical system even if it may be unstable in practice, which is particularly meaningful for applications in engineering and technology. Two examples are also given to demonstrate the effectiveness of the theoretical results.
